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Abstract 

We study the mathematical theory of quantum resonances in the standard model of non- 
relativistic QED and in Nelson's model. In particular, we estimate the survival probability of 
metastable states corresponding to quantum resonances and relate the resonances to poles of 
an analytic continuation of matrix elements of the resolvent of the quantum Hamiltonian. 

1 Introduction 

One of the early triumphs of Quantum Mechanics has been to enable one to calculate the discrete 
energy spectrum and the corresponding stationary states - eigenstates of the quantum Hamiltonian 

- of atoms and molecules, neglecting their interactions with the quantized electromagnetic field. 
However, if these interactions are taken into account, stationary states corresponding to discrete 
energies, save for the groundstate, are absent. The data of atomic and molecular spectroscopy can 
be interpreted in terms of the decay of metastable states with energies close to the discrete energies, 
or eigenvalues, of the non- interacting atoms or molecules. The decay of these states is accompa- 
nied by emission of photons with nearly discrete energies equal to differences between energies of 
stationary states; (Bohr's frequency condition). These metastable states are called "(quantum) 
resonances". Their analysis is the subject of this paper: We further develop some key ingredients 
of the mathematical theory of resonances for the standard model of "non-relativistic quantum elec- 
trodynamics" (QED) and for Nelson's model of electrons interacting with quantized (longitudinal 
lattice) vibrations, i.e., phonons. Due to the interactions of electrons with massless field quanta 

- photons or phonons - the standard techniques to analyze quantum-mechanical resonances devel- 
oped during the past thirty or so years (see, e.g., [H [2j and references therein) cannot be applied 
to realistic models of atoms or molecules. Our goal, in this paper, is to modify these techniques to 
cover the present models. 

Before introducing the models we explain the resonance problem in general terms. Let Hg 
be a quantum Hamiltonian, where g is a real parameter called the coupling constant. Assume 
there is a one-parameter family of unitary transformations, 9 — + Ug, with G R, s.t. the family 
Hg o := UeHgUg^ has an analytic continuation in to a disc D{0,6o) in the complex plane. We 
call such an analytic continuation a complex deformation of Hg. We note that, while the essential 
spectrum of Hg^g usually changes dramatically under such an analytic continuation, the eigenvalues 
are locally independent of 6, for suitably chosen deformation transformations Ug, at least when 
they are isolated. Moreover, the real eigenvalues of Hg,g coincide with the eigenvalues of Hg. The 
complex eigenvalues of Hg^g, ImO > 0, are called the (quantum )resonance eigenvalues - or just 
resonance eigenvalues - of the Hamiltonian Hg. The transformations most commonly used is the 
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group of dilatations of positions and momenta (see below) , and the corresponding resonances are 
sometimes called "dilatation resonances" . 

It is plausible from our definition that resonances - at least for weakly coupled systems {g small) 
- are closely related to eigenvalues of Hg^Q. But what is their physical significance? 

Physically, one thinks of quantum resonances as long-lived metastable states or as "bumps" 
in the scattering cross-section as a function of energy. The energies and life-times of metastable 
states are given by the bumps' centers and the inverse of the bumps' widths. A known approach 
to establish such properties is as follows. Let V CTL denote the dense linear subspace of W— entire 
vectors, i.e., vectors "0 for which the family :— Ugijj}e^s, has an analytic continuation to the 
entire complex plane. For such vectors one has the "Combes formula" 



If we continue the r.h.s. analytically, first in and then in z, then we see that matrix elements, 

{Hg — z)~^il!), of the resolvent, for z G C, Imz > 0, and ip € T), have an analytic continuation 
in z across the essential spectrum of Hg to the "second Riemann sheet" whenever the resolvent 
set of the operator Hg g, lm.9 > 0, contains a part of this essential spectrun{3- Clearly, eigenvalues 
of Hg^g, ImO > 0, in the lower complex half-plane, C~, are poles of this analytic continuation, 
provided these eigenvalues are isolated. 

In the latter case, the metastability property can be established (at least, for weakly coupled 
systems) by using the relation - via the Fourier transform - between the propagator and the resolvent, 
contour deformation and Cauchy's theorem (see [SlIT]). The "bumpiness" of the cross-section can 
be connected to the resonance poles. The real and imaginary parts of the resonance eigenvalues 
give the energy and the rate of decay, or the reciprocal life-time, of the metastable state. 

The situation described above is exactly the one encountered in Quantum Mechanics. In non- 
relativistic QED and phonon models, the resonance eigenvalues are not isolated; more precisely, a 
branch of essential spectrum is attached to every complex eigenvalue of the deformed Hamiltonian 
Hg g. This is due to the fact that photons and phonons are massless. As a result, establishing 
the property of metastability and the pole structure of the resolvent (and the related bumpiness 
of the cross-section) becomes a challenge. In this paper, we prove, for non-relativistic QED and 
Nelson's model, the metastability property of resonances and characterize them in terms of poles 
of a meromorphic continuation of the matrix elements of the resolvent on a dense set of vectors. 

Next, we introduce the models considered in this paper. The Hamiltonian of the QED model is 
defined as 



where x = {xi, . . . ,xn), Pj = —i^j denotes the momentum of the particle and ruj its mass, 
and V{x) is the potential energy of the particle system. Furthermore, A[y) denotes the quantized 
vector potential 



^Here we use the terms Riemann sheet and Riemann surface informally. However, we expect that the matrix 
elements HI. Il l do have a Riemann surface ramified at the resonances of Hg. 



(^, {Hg - z)-H^) - (V'e, {Hg,e ~ z)" Ve)- 



(1.1) 




(1.2) 




(1.3) 
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where /c £ M'^, x is an ultraviolet cut-off that vanishes sufficiently fast at infinity, and ex{k),X = 
— 1, 1, are two transverse polarization vectors, i.e., orthonormal vectors in K^gjC satisfying k-e\{k) = 
0; moreover, Hf is the photon (quantized electromagnetic field) Hamiltonian defined as 

V / u{k)al{k)a^{k)dk, (1.4) 

where uj{k) — \k\. 

The operator- valued distributions a\{k) and a\{k) are annihilation and creation operators acting 
on the symmetric Fock space over L^(E^ x Z2). They obey the canonical commutation relations 

K(fc),«A'(fc')] = [aA(fc),aA'(fc')] =0 , [ax{k),al,{k')]^5{k~k')5x,x', (1-5) 

and 

ax{k)Vt = 0, 

where f2 G JF, is the vacuum vector. 

The QED Hamiltonian -ff^*^ acts on the Hilbert space Tip ® J-g , where Hp is the Hilbert space 
for N electrons, e.g. Hp — L^(R^^), (neglecting permutation symmetry). In (|1.2p . Zeeman terms 
coupling the magnetic moments of the electrons to the magnetic field are neglected. 

Nelson's model describes non-relativistic particles without spin interacting with a scalar, mass- 
less boson field. The Hamiltonian of the model acts on Hp ® Tg, where J-g is the symmetric Fock 
space over L^(R'^), and is given by 

■=Hp(E)I + I(g)Hf + Wg. (1.6) 

Here, Hp = ^J^iP'j f^rrij + V denotes an A^-particle Schrodinger operator on Hp. We assume 
that its spectrum, a{Hp), consists of a sequence of discrete eigenvalues, Aq, Ai, • • • , below some real 
number S called the ionization threshold. 

For k in R'^, we denote by a*{k) and a{k) the usual phonon creation and annihilation operators 
on J-g. They are operator- valued distributions obeying the canonical commutation relations 

[a*(fc), a*{k')] = [a{k), a{k')] = , [a(fc), a*{k')] = S{k - k'). (1.7) 

The operator associated with the energy of the free boson field, if/, is given by the expression 
(jl.4p . except that the operators a*{k) and a{k) now are scalar creation and annihilation operators 
as given above. The interaction Wg in (|1.6p is assumed to be of the form 

Wg^gcPiO (1.8) 

where 

'^(^-) = £ I3 [e-^'=-^ a*(A:) + e*'=-^a(fc)] dk. (1.9) 

As above, the function x(fc) denotes an ultraviolet cut-off, and the parameter fi is assumed to be 
positive. 

Next, we state our assumptions on the potential and the ultraviolet cut-off x, in particular 
concerning analyticity under dilatations. 
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(A) The potential V{x) is dilatation analytic, i.e., the vector-function 9 i-^ V{e^x){—A + 1) ^ has 
an analytic continuation to a small complex disc D{0, Oq) C C, for some Oq > 0. 

An example of a dilatation-analytic potential V is the Coulomb potential for N electrons and 
one fixed nucleus located at the origin. For a molecule in the Born-Oppenheimer approximation, 
the potential V{x) is not dilatation-analytic. In this case, one has to use a more general notion of 
distortion analyticity (see [1]), which can be easily accommodated in our analysis. 

(B) The function x is dilatation analytic, i.e., 9 i— > x{e^^k) has an analytic continuation from R 
to the disc D (0,6*0). 

For instance, we can choose x{k) , for some fixed, arbitrarily large ultraviolet cut-off 

A > 0. 

Let Hg denote either Hg^^ or . To define quantum resonances for the Hamiltonian Hg^ we 
use the dilatations of electron positions and of photon momenta: 

and A: — > e fc, 

where ^ is a real parameter. Such dilatations are represented by the one-parameter group of 
unitary operators, Ug, on the total Hilbert space Ti. := Tip ® Ts of the system. This is one of 
the most important examples of the deformation groups mentioned above@. Following the general 
prescription, we define, for G M, the family of unitarily equivalent Hamiltonians 

Hg^e:=UgHgUg\ (1.10) 

By the above assumptions on V and x, the family Hg g can be analytically extended, as a type-A 
family in the sense of Kato, to all 9 belonging to the disc D(0, 9q) in the complex plane, where 6*9 is 
as in assumptions (A) and (B) . The deformation resonances are now defined as complex eigenvalues 
oiHg^e, \m9 > 0. 

Let Ao ■— inf(cr(i/g=o))- We consider the eigenvalues of Hp, or of i/o ■— Hp ® I + I ® Hf, 
with Ao < Aj < S. By the renormalization group analysis in [H [H [51 [7] , we know that, as the 
interaction between the non-relativistic particles and the field is turned on, these eigenvalues turn 
into resonances Xj^g, with ImXj^g < and these resonances are 0— independent; (see also [8] for 
a somewhat different model). Our goal is to investigate the properties of these resonances, as 
described above. 

To simplify our presentation, we assume that Xj is non-degenerate, and we denote by '^j = V-'j®^ 
the normalized, unperturbed eigenstate associated with A^. We also assume that 

(C) Fermi's Golden Rule ([HElle]) holds. 

This condition implies that ImAj.g < — co.g'^, for some positive constant co; see for example 

BUM- 

The main results of this paper are summarized in the following theorems. 

Theorem 1.1 Let Hg be either H^^'^ or H^ . Given ^j, and Xj^g as above, and under Assumptions 
(A)-(G) formulated above, there exists some go > such that, for all < g < go and times t >0, 

{'^j,e-'*"^^j) = e-'*^^-' -I- 0(g"), (1.11) 
where a :— §^5^, with /i > appearing in lll.9\) for the Nelson model, and ct — ^ for QED. 

^See, however, Remark l6.2l oii page 25. 
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Remark 1.2 We expect that our approach extends to situations where Fermi's Golden Rule con- 
dition fails, as long as ImXj g < 0, and that we can improve the exponent of g in the error term by 
using an initial state that is a better approximation of the "resonance state"; see section 3. 

Remark 1.3 The analysis below, together with Theorem 3.3 in 1^1, gives an adiabatic theorem for 
quantum resonances in non-relativistic QED. 

Theorem 11.11 estimates the survival probabihty, {^j,e^^*^o'^j), of the state "ifj. Let 7j_g := 
—IraXj^g and Tj^g :— l/jj,g- Theorem 11.11 impUes that 

We-'^H^^,^ - e-'*^^-<'^^\\ = [1 - e~2t7,,s +(9(^«)]i/2^ (1^2) 

which is <C 1, for t <C Tj^g. This property is what we caU the "metastability" of the resonance 
associated with the resonance eigenvalue Aj,g. 

There is a dense linear subspace V C H oi vectors with the property that, for every ip G T>, 
the family {WgT/'legH of vectors has an analytic extension in to the entire complex plane, with 
WeV' G T^, for any 6 G C Vectors in T> are called dilatation-entire vectors. 

Next, for e C and < ipi < (p2 < 27r, we define domains 

Wl'^'^' := {z e C| \z- z,\ < i|Imz,|, (^i < arg(z - z,) < ip2}. 

Our second main result is the following theorem. 

Theorem 1.4 Let Hg be either Hg^' or . Let Conditions (A), (B) and (C) be satisfied, and 
let Ao < Aj < S be an eigenvalue of Hp. Then there are a constant > Q and a dense set T>' <zT> 
s.t., for g < g* and for all tp G V , the function 

F^{z) := (V-, (i/g - z)-V) 

has an analytic continuation in z from the upper half-plane, across a neighbourhood of Xj, into the 
domain W'^^''^'^ , for some ipi < tt/2 and Lp2 > tt, and this continuation satisfies the relations 

F^{z) = ^^+r{z-4>), (i) 

with 

|r(z;^)| <C(V)|A,,,-z|-^ (ii) 
for some /3 < 1. Here p{ip) and r{z; -tjj) are quadratic forms on the domain V x V . 

Remark 1.5 Since we can rotate the essential spectrum of Hg g,9 e Z?(0, 0o)j *^ using dilata- 
tion analyticity, if Oq < ^ is large enough, we expect that F^{z) can be analytically continued in z 
from the upper half-plane into a neighbourhood of Xj^g that is larger than W^^'^^ given in Theorem 
\1.4\ In this case the quadratic form r{w; ijj) would also depend on the homotopy class of the path 
along which F^ (z) is analytically continued from the upper half-plane to the point w in the vicinity 
ofXj^g. 
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For an operator A on the one-particle space i^(]R^), we denote by dT{A) its "lifting" to the 
Fock space JFg, (second quantization). The set V in Theorem 11.41 can be chosen explicitly as 

V := {V^ e V\ \\dTiLU-^^^){l - PnM < oo}, 

where Po is the projection onto the vacuum f2 in J-g, for the Nelson model. In this case f3 = 
(1 + For QED, we define 

P' {ijj e V\ \\e^''''''>dT{uj-^/'^){l - Pn)il^\\ < oo for some 6 > 0}. 

Since UedT{uj-^^^) = e'^/^dr{uj-'^/^)Ue, the set P' is dense in P. 

The main difficulty in the proofs of our main results comes from the fact that the unperturbed 
eigenvalue Xj is the threshold of a branch of continuous spectrum. To overcome this difficulty, we 
introduce an infrared cut-off that opens a gap in the spectrum of Hg^g, and we control the error 
introduced by opening such a gap using the fact that the interaction between the electrons and 
the photons or phonons vanishes sufficiently fast at low photon/phonon energies (see [4l[5l[Tnj and 
Eqn. dlJl) below). 

Our paper is organized as follows. In Sections [^E] we prove Theorem II .11 for the Nelson Hamil- 
tonian, . In Section [5] we extend this proof to the QED Hamiltonian, Hg^^ ■ Theorem 11.41 is 
proven in Section [6l 

As we were completing this paper, there appeared an e-print [11| where lower and upper bounds 
for the lifetime of the metastable states considered in this paper are established by somewhat 
different techniques. 

Acknowledgements. J.Fr. and I. M.S. would like to thank M. Griesemer for many useful 
discussions on related problems. J. Fa. is grateful to I. M.S. and W.A.S. for hospitality at the 
University of Toronto and I. M.S., and I. M.S. and W.A.S. are grateful to J.Fr. for hospitality at 
ETHZ. 

2 Dilatation analyticity and IR cut-ofF Hamiltonians 

Let Hg = be the Hamiltonian defined in (|1.6p . We begin this section with a discussion of the 
dilatation deformation Hg g of Hg defined in the introduction, Eqn (jl.lOp . As was already mentioned 
above, by the above assumptions on V and x, the family Hg_g can be analytically extended to all 
belonging to a disc I?(0, 9q) in the complex plane. The relation H* g — g holds for real 6 and 
extends by analyticity to 9 G D{Q, 6o). A direct computation gives 

Hg.0 = Hp,g / + e"^/ (E)Hf + Wg^g, 

where Hp^g = UgHpUg^ and Wg^ UgWgUg^. Note that Wg^ — g4>{Gx,g), with 

G.,,(fc) = e-(i+-)''j^e--. (2.1) 

We now introduce an infra-red cut-off Hamiltonian 

Ke - Hp,e ® / + e^'l ® Hf + Wfj, (2.2) 
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where W^g :— g(t>{G'^'^), and G^g :— K„Gx,e- Here is an infrared cut-off function that we can 
choose, for instance, as n„ = l|A;|>cr- We also define 

Kfi ■■= W,,e - Wf; = #(G,^;), (2.3) 

where G^g := (1 — Ka)Gx.9- We then have that 

Hgfi^H^g + W^;. (2.4) 

We denote by T^'^ and JFJ**^ the symmetric Fock spaces over L^({fc £ : |fc| > <t}) and 
L^({fc G R'^ : |fc| < a}), respectively. It is well-known that there exists a unitary operator V that 

maps L2(R3^; Ts) to L2(R3JV. Jfr><T) ^ jr^cr^ go ^j^j^t 



Here, H^g acts on 



',J-f'^) and is defined by 



H 



'if 



f 



W, 



(2.5) 



(2.6) 



The operators Hj and HJ- denote the restrictions of Hf to Tf" and Tf''^ respectively. The 
unitary operator V will be sometimes dropped in the sequel if no confusion may arise. We note the 
following estimate that will often be used in this paper: 



<Cga 



(2.7) 



where /i > 0, C is a positive constant, and 9 G -D(0, 6*0) 



We now consider an unperturbed isolated eigenvalue \j of Hq. To simplify our analysis, we 
assume that Aj is non-degenerate. Let 

d, :=dist(A,;a(i/j,)\{Aj}), (2.8) 

which is positive. It is shown in [4l[5l[T2] that, as the perturbation Wg is turned on, the eigenvalue 
Aj turns into a resonance Aj,g of Hg. In other words, for 9 G D{Q,9o) with lm{9) > 0, there 
exists a non-degenerate eigenvalue Xj.g of Hg^ not depending on 9, with ReAj,g — Xj + 0{g^), 
ImAj,g = 0{g^), and, if Fermi's Golden Rule condition holds, ImAj,g < —Cog^, for some positive 
constant Cq. Similarly, the operator H^g has an eigenvalue Xfg bifurcating from the eigenvalue Aj 
of Hq having the same properties as Aj,g, with the important exception that A^J depends on 9. 
The reason for this is that H^g^^ ^ UrH^glA^^, r G M. Furthermore, we have the crucial property 
(see Proposition 14. ip that the eigenvalue A^J of H^g is isolated from the rest of the spectrum of 
H^Q- More precisely, 

dist {\fg.a{H^"g) \ {A|;}) > Ca, (2.9) 
for some positive constant C independent of a. 
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It is tempting to treat Hg g as a perturbation of H^g . However, we have to take care of 

the difference between Xj g and Xfg- In order to deal with this problem, we "renormalize" the 
unperturbed part g by setting 



(2.10) 



Here P^g denotes the spectral projection onto the eigenspace associated with the eigenvalue A| 
of H^g . As in l|2.5p . we have the representation 



VH^^gV-' = h; 



where we have set 



H^a — Hfn + ( A, o - A 



^3,9 



P, 



By (|2.12p , we see that Xj^g is a non-degenerate eigenvalue of Hgg ■ In Proposition 
that there exists a positive constant C such that 



(2.11) 

(2.12) 
we will show 



- Kg 



(2.13) 



and that the operator H^g still has a gap of order 0{a) around Xj^g. Then the decomposition (|2.2 
is replaced by 

where 



Hg,g - Hg ^ 



W, 



9,6 ' 



(2.14) 



^ ^9fi 



'IV. 



(2.15) 



Let Hf" denote one of the operators Hg, Hg_g, Hgg or H^g. We write its resolvent by using the 



notation Rf{z) 



# 



Similarly, we define Rt{z) 



H* 



3 Proof of Theorem 11.11 



We begin with some notation. We consider an interval I of size (5, containing Aj, such that 5 < ^dj. 
For concreteness, let 

I=(a.-^,A, + 0. (3.1) 

Define, in addition, 

Ii- (a,-^,A, + 0. (3.2) 

We consider a smooth function / £ Cg°(I), Ran(/) G [0,1], such that / = 1 on Ii. It is known 
that there exists an almost analytic extension / of / such that 

7= 1 on {z e C| Re(z) e Ii} , supp(/) C {z e C\ Re(z) G 1} , (3.3) 



and 



{dzf){z) — 0{5 ^|Im(z)/(5|"), for any n G N. We shall use these properties of / in the sequel. 



We begin with the following proposition. 
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Proposition 3.1 Given Hg, ^tj, Xj^g and f as above, there exists go > such that, for all < g < 
go, S — Ca, C > 1, and u = g s+^m , 



(M/„e-^*^«/(i/,)*,) = e-^*^- +0(5^), (3.4) 

for all times t>Q. 



We divide the proof of Proposition 13. II into several steps, deferring the proof of some technical 
ingredients to the following section. We extend a method due to Hunziker to prove Proposition [23 
see [3] or [1]. Let M{9) be a punctured neighbourhood of \j such that N{0) n a{H^g) = Xj^g and 
I C J^{0) U {Xj}. Let F C A/'(0) be a contour that encloses I and Xj^g. For z inside F, we have that 

Rlei^) = T^+Rf.ei^)^ (3-5) 

where P^'^ denotes the spectral projection onto the eigenspace associated to the eigenvalue Xj^g of 
H^l, that is 

^^«^=2i^//r;(-)^-' (3.6) 

where C denotes a circle centered at Aj,g with radius chosen so that C C p{H^g) nJV{9), and the 
regular part, R^g{z), is given by 



g 

which can be written as 



= ^ j[ R^fiHi^ - ^r'dw, (3.8) 



where z is inside F. Note that 

g.ti - ^ g.ti -"g 



and 



{Pg.or=Pg.e- (3-10) 

We will need the following easy lemma, which follows from dilatation analyticity and Stone's 
theorem. 

Lemma 3.2 Assume that the infrared cut-off parameter a is chosen such that g <C cr < <C 1. 
Then 

{^j,e-''"^ fiHg)^,) ^ A{t,9) - A{t,9) + Bit,9) - B{t,0), (3.11) 
for 9 e £'(0, 6*0), lm9 > 0, where 

Mt, 0) = ^J^ e-"V(^) Rlei-A'^ofi) dz, (3.12) 

Bit, 0)^^. j e-^'^f{z) vf^. - Rl,{z) ^ (3-13) 
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Proof. By Stone's theorem, 

e-^^^'/li/,)*,) = lim / e-^*V(^) [Rg{z ~ ^e) - R,{z + ze)] dz. (3.14) 

Since Hg and are dilatation analytic, this implies for 6 G D{0, Oq) 

{^j,e-''"^f{Hg)^,) ^ F{t,e) - F{t,e), (3.15) 

where 

Fit,0) f e-^'^f{z) (*^.5,i?,,,(z)%,) dz. (3.16) 

It follows from Lemma 14. 4[ below, that we can expand Rg^g{z) into a Neumann series, which is 
convergent under our assumptions on g and a if Fermi's Golden Rule holds. We obtain 

F{t,0)^A{t,9)+B{t,9), (3.17) 

for 6 G D{0, 6q), Imd > 0, and hence the claim of the lemma is proven. □ 

In what follows, we fix 6* G D{0,eo) with Im0 > 0. We estimate A{t,e) - A{t,e) and B{t,e) - 
B{t, 9) in the following two lemmata. 

Lemma 3.3 For ^ cr < 5 <C 1, we have 

A{t,e) - A{t,e) =e"'*^^-'' +0{Sg^a-^)+Oig'^a-^), 

for all t > 0. 

Proof. It follows from the spectral theorem that 

VRlf,{z)V-^ = I ^ Rf''g{z-e~'^Lj)®dEj^t:4uj), (3.18) 

where E^<ia are the spectral projections of H^"^; see for example Furthermore, V'^jfi = 

ipj^g (g) ri^"' (g) ri^"', where fl^'^ (respectively fi^'^) denotes the vacuum in T^"^ (in T^'^). Inserting 
this into l|3.12p and using p.lSp . we get 

A{t,e) = ^ j^e-"V(^) ('^^^g'E>n>'',RlU^)i'j-e<^^^'") dz. (3.19) 

^From Proposition 14.11 we know that the spectrum of H^g is of the form pictured in figure [TJ In 
particular, a gap of order a opens between the non-degenerate eigenvalue A^^ and the essential 
spectrum of Fl^g. By Proposition [6?3l the same holds for H^g instead of FI^q, with \j g replacing 
A^J, since |Aj,g — A^J| < C5^cr^+^ and we assumed that 5^ ^ cr ^ 1. 

Let us begin to estimate A{t, 6) — A{t, 9) by considering the contribution of the regular part, 
R^g(z), in A{t,9). By applying Green's theorem, we find that 

Rit.e) J-^e-*V(^) {^^;s,Rf;iz)^,^e) dz 

= i/,,/"^"^^)te'^^^(^)^'0^^ (3.20) 
+ ^ Jl^_^^^ e--^idj)iz) {^l-,,Rleiz)^f,e) dzdz, 
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where — ipjfi ® 17^'^, and r(7i) and D(7i) denote respectively the curve and the domain 

pictured in figure [21 such that the interval lo strictly contains 1. 



D(y) 



J ^1 



I, . I 



In 





r(Y) 



j+i 



Figure 2: Deformation of the path of integration 

By Proposition 14.11 and p.Sp . the regular part R^g{z) in (|3.5p is analytic in z G 0(71) and 



satisfies 



< 



C 



dist{z, a{Hf^^g )\{X,jy 



where C is a positive constant. We also have from (|3.9p that 



and from (ISTTOl) that 



T}^<^ _ p^fT p^<T _ (' p^°' _ p^°'\fp^<^ _ 1^/'p^'^ _ p^'^') 



and from Proposition 14. 2[ below, that 



Pf.o-Pie\\<C9<^-'^', 



(3.21) 



(3.22) 



(3.23) 



(3.24) 



for some positive constant C. Thus, by p.20p — p.24p . our assumptions on / and the fact that 
|/o| = 0{S), we get 

\R{t, e)\ - Oi5g^a-^e-'-'') + 0(|7i/J|"), (3.25) 



where < 71 < crsin(lm0), and any n G N. Similarly, for the contribution of the regular part R 
in A{t, 9), we have the following estimate 

\R{t,e)\ = OiSg'a-'e-'-'^) + 0(|72/<5r), 

where < 72 < sin(lm0)(T, and any n G N. 



(3.26) 
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Next, we estimate the singular part of A{t, 6) — A{t, 9). It is given by 



S{t,e)-S{t,9) := 



2iTT 



2m 



e-'''f{z){z-X,,g)-'dz, (3.27) 



where we use the notation 



By Proposition 14.21 we know that 



(3.28) 
(3.29) 



We deform the path of integration as we did above, adding a circle Cp of radius p around Xj^g. This 
yields 



S{t,0)-S{t,l 



1 



r(73) 



ZITT ' 



1 

2i7T 



D(73)\Dp 















_ ^ ~ ^j,g 


^ ~ ^j,g 







dz 



dz 



(3.30) 



A 



J, 9 



dzdz. 



for all /9 > sufficiently small, where Dp denotes the disc of radius p centered at Xj^g, and < 73 < 
sin(Im^?)f7. The first integral can be estimated by using arguments similar to those used to estimate 
the regular part, (|3.29|) . and the fact that 



ImA., 



We then obtain that for < 5^ < cr -C 1 



1 
2i7r 



r(73) 



dz 



0{5g'a-'e-'^'). 



(3.31) 



Similarly, since (9z/) = on {z\ Re(z) € Ii}, we see that the third integral in the r.h.s. of (|3.30p 
is independent of p, for p sufficiently small, and that for any n S N 



1 

2ii 



e-''\d,J){z) 



D(73)\Dp 



z — A, 



dz 



o{\i3/sn 



(3.32) 



It remains to estimate the second integral on the right hand side of (|3.30p . Taking the limit as p — > 
leads to the "residue" Cg{9)e~^^^^n f{Xj^g). Since, by construction, / = 1 on {z\ Re(z) e Ii}, we 
get 



P^o 2i7r 



C"J6) C-{9) 



dz = C^{9)e-'^^^-o. 



(3.33) 



The claim of the lemma follows from p.25p — (|3.33p . □ 
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Lemma 3.4 Assume that the infrared cut-off parameter a is chosen such that 17^ <C cr <C 1. Then, 
for all times t > 0, we have that 

\B{t,e)-B{t,e)\ ^0{Sg-^cr^+''), (3.34) 
where B{t,6) is defined in (jg.J^'l) . 
Proof. Recall that 

B(t,6l) = ^B"(t,6'), (3.35) 

n>l 

where 

= 2l^/^"*'/(^) {-W^;Rle{^^)y^A(^)) dz. (3.36) 
It follows from p.36p and Lemma [44l thalFI 

61)1 = 0(<5.g-V"(^+^)), (3.37) 
uniformly in t > 0. Together with (j3.35p and the assumption on a and g, it follows that 

\B{t,6)\^0{59-^a'^+n. (3-38) 
uniformly in t. One can similarly show that 

\B{t,6)\^0{5g-^a'^+^'), (3.39) 
and hence the claim of the lemma follows. □ 

Proof of Proposition 13.11 It follows from Lemmata 13.21 13.31 and 13.41 that for t>Q 

e-'*^»/(i/g)*,) = e-**^-« + 0((5gV-2) + 0{5g-''a^'^+^') + 0(3^-^). (3.40) 
Let 5 = Ca, for some C > 1. We optimize the estimate on the error term by choosing 

o- = /-5+2jr^ (3.41) 

and hence the claim of the proposition is proven. □ 

Proof of Theorem 11.11 Proposition 13.11 implies that, for t = 0, 



(*„ (1 - f{H,))-^,) = W^l- f{H,)^,r = O(g^), (3.42) 

which, together with the boundedness of the unitary operator e~**^s and Proposition 13.11 for 
arbitrary i > 0, yields 

(vf^e-'^^'^P,) = (vf^e-'^^'ll - f{Hg) + f{Hg))^,) 



= (*„e-'*«.'/(if,)*,) + 0(11^1 - f{H,)^jr) 

□ 

Estimate 1 13. 371 1 can be improved if one uses instead of 'I' j a state that is a better approximation to the resonance 
eigenstate. 



13 



4 The Hamiltonian HZc 



In this section, we study the operator H^g used in the previous section as an approximation of 
Hg^g. We use the Feshbach-Schur maffl, [11 [5], defined for a projection P and a closed operator H 
whose domain is contained in Ran(P), by 

Tp{H) = PHP - PHP \PH'P\ PHP, 



(4.1) 



where P = 1 — P. Note that the domain of Tp consists of operators H such that 



\PHP]'' 



Ran(P)' 

PHP[PHP]-'\^^^^-p^, [PHP]-' PHP (4.2) 
extend to bounded operators. We begin with the foUowing proposition. 

Proposition 4.1 Suppose < a ^ 1. Then, for 9 G 13(0, 6*0) such that ImO ^ and 



a < dj sinjlm^l, the spectrum of H^g in the disc D{Xj,a/2) consists of a single eigenvalv 



aiH^^^)nD{X„a/2) = {Xf^}. 

Furthermore, there exists £ > such that, for all z in D{Xj , a/3) such that 

C 



(4.3) 



z-X 



>3 



2+£ 



< 



dist{z, <T{Hfg))' 



(4.4) 



for some positive constant C. 

Proof. Let Pe := P^J = Ppj,e ® P^" and Pe 1 - Pe. For a < dj sin |Im6'| and z e D{Xj,a/2), 
one can show that, for any n > 1, 



PeH^g - z 



(4.5) 



where Ci, C2 are positive constant. Hence for ga ^1"^ <C 1 and any z in D{Xj,a /2), the operator 
PgHfgPg — z is invertible and its inverse is given by the convergent Neumann series as 



PoHf^^Pe - z 



PeH^g - z 



n>0 



PeH^g - z 



(4.6) 



This impUes that the operator H^g — z is in the domain of Tpf,. Moreover, (|4.5|) and (|4.6p lead to 
the estimates 



PeHf ^Pg - z 



<Ga-^, 71 = 0,1, 



(4.7) 



for some positive constant C. 

*In [?1 \5\ I12| this map is called the Feshbach map. As was pointed out to us by F. Klopp and B. Simon, the 
invertibility procedure at the heart of this map was introduced by I. Schur in 1917; a similar approach was developed 
in an independent work of H. Feshbach on the theory of nuclear reactions in 1958, see TS for further extensions and 
historical remarks. 
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Note that our choice of Pe yields PeWfgPe = 0. Therefore 



z) = iX,-z)Pe-PgWf;Pe 



PeHf^ePo 



PoWfjPe 



(4.; 



The non-degeneracy of Xj imphcs that -J^PgiHgg — z) can be written as [\j — z + a(z)]P0, where 
a{z) is a function from D{Xj,a/2) C. FoUowing (see also Proposition 14.31 belowl . we have 



aiz) = g'Z,,e + 0(5^+^) 



for some £ > 0, where Zj^q :— Z°j, + Z^a with 



'7od 



UePp,jG^{k)Pp,, [Hp - Xj+uj{k) - iQY^Pp,jG^{k)Pp^jUgUk, 

_i dk 



l^ePp,jGx{k)Pp.jGx{k)PpjlAg 



Using the Leibniz rule and the fact that 

d 
dz 



PeH^g 



uj{k)' 



Pe^o.e 



(4.9) 

(4.10) 
(4.11) 

(4.12) 



one can prove, by differentiating (j4.8p with respect to z, that z t-^ b{z) := Xj — z + a{z) is an analytic 
function on D{Xj, <j/2), and that \db{z)/dz — 1| < 1, provided that g^cr^^ is sufficiently small. This 
imphes that 6 is a bijection on D{Xj,a/2). 

The isospectrality of the Feshbach map (see [HIS]) tells us that 



b{z) = 0. 



On the other hand, it follows from the usual perturbation theory, applied to the isolated non- 
degenerate eigenvalue Xj of H^g, that the spectrum of H^g is not empty in D{Xj,(j/2), for g 

sufficiently small. Hence there exists a unique A^^ in D{Xj, <7/2) such that b{Xf'^) = 0, that is 



a{Hfl)nD{X„^)^{Xl^g}. 



(4.13) 



To prove (|4.4p . we use the fohowing identity (see [?]): 



rr^cr 



P^ i^f^e 



z]Pb 



PoW^JPs 



Pe - PeWf;Pe 



P" {Hf.e-^) P'' 



(4.14) 



P<^ {Hle-^)Pe 



Pe, 



which holds for z in piH^g) n D{Xj,a/2). The simple form of Tp,{Hfg - z), gT]) and the fact 



that \a{z) - a(A|^)| = 0{g'^+^) by gH) lead to 

~i 



<Ci 



l+gV-i 



\z-X^:\-C2g^+- 



(4.15) 
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for some positive constants Ci,C2- Hence the proposition is proven for z in D{\j^a /i) such that 



Recah that, for 5 > 0, P^g denotes the projection onto the eigenspace associated with the 
eigenvalue of H^g- 

Proposition 4.2 Let g, a as in Proposition \4. 1\ and choose 6 G D{0, 9o) such that lm6 ^ 0. Then, 
for g small enough, 

" < Gog(J-^'\ (4.16) 



where Cq is a positive constant. 

Proof. Let Cj denote a circle centered at A^, with radius cr/S, so that Cj C p{H^g). Since we have 



assumed g^ ^ cr, for g sufficiently small, Cj contains both A^J and Xj. Thus, 



1 



ZTTl ,lQ. 



dz. 



We expand R^g{z) into a Neumann series 



•-9,8 



n>0 



One can show by following the method of J6] that, for n = 0, 1/2, 1, 



(4.17) 



(4.18) 



(4.19) 



Hence, using that o-iG^DP^" — and ||a(G'^g)(-ff|"^) ^''^^^n'^H = 0(1), we obtain that for all 
n > 1, 

l^a^W < ^ (C25^-'/')", (4.20) 

where Ci and C2 denote positive constants. Inserting this in (|4.17p and using the fact that the 
radius of Cj is equal to cr/S, we obtain 



P^CT _ p>(T 



1 

2^ 



< (4.21) 



provided that ga ^1"^ is sufficiently small. Hence the proposition is proven. □ 



Using a renormalization group analysis, we will prove in Proposition 16.31 below the following 
estimate of the difference between the eigenvalues Aj_g and A|^g of llgfl and U'^g'- 

A,,.-A|:;-o(5V+'^), 

for any cr > 0. Here we prove a weaker estimate, which holds only for a g^ , but which does not 
require the use of a renormalization group analysis. Besides, it is sufficient to obtain the statement 
of Theorem II. 1[ with the slightly weaker error term 0(g«i+2,, ) for the Nelson model, and 0(g~^/'*) 
for the QED one. 
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Proposition 4.3 Suppose < <C cr < g^+f" . Then 



(4.22) 



Proof. For g and cr small enough, we choose 6 e D{0,9o), lm{9) 0, such that < a < 

dj sin |Im6'| < 1. For p such that g^ <^ p < dj sin |Im6'|, let Pg Pp,j,9 ® ^Hj<p- Following [31[5], 



Xj^g satisfies 



where 



C7od 



Zf g, with Zfg and Zf g given by (|mi)l - (|TTT|l . and 
Remi = PeWg^Pe, 

Rcni2 = PeWg^ePe [PeHo,e - Xj,g\ PeWg^ePe - g^Qe 
Rcni3 = g^ [Qe - Zj^g] , 

Reni4 = PgWg^e {Pe [PeHo.e - X^.gy^PgW, 



1 



Rems = PgWgM ^ (Pe [Pei?o,e - A,- g] PeW^, 



n>3 



Here we have set 



PeG^fiik) 



Poicoik)) 



G^fi{k)Pgdk, 



(4.23) 



(4.24) 
(4.25) 
(4.26) 

(4.27) 
(4.28) 



(4.29) 



where Pe{uj{k)) := 1 - Pg{uj{k)), and Pg{uj{k)) := Pp^j,e ® iHf+Lj{k)<p- Using the expression (|2.ip 
of Ga;,e and estimates similar to [U Lemmas IV.6-IV.12] or [SJ Lemma 3.16], we claim that 

IIRemill =0(5pi+^), ||Rem2 1| = O (gV+^) , HRemaH = O (5V) ■ (4.30) 
The first bound in (|4.30[) easily follows from 

\\PgG^,g{k)^a*ik)\\dk^ f \\G^,g{k)^a{k)Pg\\dk<Cp^+^\ (4.31) 

The second one follows from normal-ordering (|4.25p and using again (|4.3ip . Finally, the last bound 
in (|4.30|) follows from computing the difference in (|4.26[) and using the estimate 



Peitoik)) 



Ho,e + e-^u!{k) - Xj 



< 



Ci 



(dj sin |Im0|)aj(fc) ' 



(4.32) 



for some positive constant Ci. Now it is proved in [4l[6] that ||Rem4 -|- RemsH = O [g^p ^/^). Let 
us estimate these terms more precisely: we claim that 



|Rem4|| = O {g'p^) , HRemsH = O {g^p-') . 



(4.33) 
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To prove the first bound in (|4.33p . we decompose Wg^g into Wg^g — g{a*{Gx,e) + a,{Gx,e)) and 
estimate each term separately by normal ordering. For instance, let us compute 

Pea{Gx.e) „ ^\ a*{Gx.e) „ ^\ a{Gx.e)Pe 

GxAki) ® ^\ Gx.e{k2) ® a{h) ^ ^\ (4.34) 

Gx,9ik3) ® a{k3)Pedkidk2dk3. 

It follows from a pull-through formula and the canonical commutation rules that the "worst" term 
we have to estimate from the rhs of (|4.34p is 



Pa 

Gxfiik^) ® a{k3)Pedkidk3. 



(4.35) 



Ho,d - Xj,g 



One can see that 



- (djsin|lm0|)p' ^^-^^^ 



H0,9 - Aj^g 

for some positive constant Ci. Inserting this together with (I4.32p into (I4.35p . we get 
^ (d,sin1m.|)^ ^'7«3 ^Sff L ll«-(^3) ««(^3)P.||*3 
- (djsin|lm6'|)2^ ' 



(4.37) 



where C2 is a positive constant. Since the other terms could be estimated in the same way, the first 
bound in (|4.33p follows; the second bound in (j4.33p can be obtained by using similar computations 
(see also (61 Lemma 3.16]). 

For p > a the eigenvalue A^J of H^g is given by the formulas (|4.23p — (j4.29p . except that Wg^e 
and Gx,e{k) are replaced respectively by W^g and G^'^{k). For the terms analogous to and 
^fe have by a straightforward computations that 

UePp.j'G2{k)Pp,j [Hp - Aj + uj{k) - iOy^ 'Pp,jGx{k)Pp,jUg^dk = 0, (4.38) 

|fc|<CT 

r Ah 

/ UgPp^,Gx{k)Pp,jGx{k)Pp,jUg^—- = O (^1+2^') , (4.39) 
j|fc|<o- ^yi^) 

where in (|4.38p we used the fact that a < dj. Hence, with the obvious notation, Zj£ = Z^g + 
0((t1+2^). Furthermore, Eqns. still hold for Xf^. Hence remembe ring the assump- 

tions a < p, <^ p we obtain 

A,.s - >^f,g = O + O (g'p) + O {g^p-') . (4.40) 
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Optimizing with respect to p leads to the claim of the proposition. □ 
The following lemma was used in the proof of Lemmata 13.21 and 13 .41 



Lemma 4.4 Let 9 in D{0,9o), ImO > and let g,a be such that < 5^ ^ cr <C 1. Then for all 
z e I and n > 1, we have the estimate: 



where Ci,C2 are positive constants. 
Proof. Recall that 



W. 



5«*(Gf;)+3a(G^,;) + (A,,,-A 



'j,a 



From the spectral representation (j3.18p and the decomposition p.Sp . we can write 



where R'^ g{z) := {I - {Pfg (g) I))R''g{z). With the definition we have 



(4.41) 



(4.42) 



(4.43) 



(Tif )"i?^,,(z) 



It follows from Proposition 14.11 that for all z in I and for n = 0, 1/2, 1 



(Hf^rRlgiz) =0{a 



Besides, for n = 0, 1/2, 1 



< 



Im(At^) 



-l+n 



0(9 



-2(l-n) 



(4.44) 



(4.45) 



(4.46) 



provided that Fermi's Golden Rule holds. From a{G^"g)P^^'' = and \HG^^g){Hf'')-'^/^P. 



n I 



0{a^^^^^) (where Pq"^ denotes the projection onto the vacuum in we get 



Similarly (|4.45p leads to 



= 0(g-VV2+'^). 



(4.47) 



(4.48) 



The claim of the lemma then follows from (|4.42p — (|4.48|) , the assumption a < g , and 

Proposition 16.31 □ 
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5 Extension to non-relativistic QED 



Now we extend the analysis above to the standard Hamiltonian of non-relativistic QED introduced 
in (|1.2p . Section [TJ Let now Hgg be the dilatation deformation of the Hamiltonian defined 
in (jl.lOp . We keep the notation of Sections [D - IH 

The results and proofs of Sections E] - HI go through without a change except for the proof of 
Lemma [3131 In the non-relativistic QED case, Wg^g is given by 



2 2 

Wgfi = ge^% ■ Ae{x) + ^As{x) ■ Ag{x) - |-A, 



(5.1) 



where we used the notation := —1^2^=1 ^^j'^s^{^j)^9 and similarly for (x) • (cc) . 

The quantized vector potential A{xj) is given by (|1.3p . and the constant A is given by A := 
(2^^J:j J X{kr/\k\d^k. Here we have 



9^ A sjo 



K,e = 9e-'p ■ Af^x) + g^Af^x) ■ Af{x) + '-ATix) ■ A^x) ~ \K 



(5.2) 



where A^"' j^p^^^j /|fe|<cr x(^)^/I^M'^''^- Hence the QED Hamiltonian satisfies the condi- 
tion similar to (|2.7p with /j, = 0. We show now how to overcome this difficulty (a different way to 
proceed is to use the Pauli-Fierz transform [HIHIIZ])- 

In our sketch of the proof of Lemma [3.41 we begin with the most^ singular term, i?^, o^the 
expansion (|3.35p in Section [31 Thus we have to bound the term Rg gW^g Rg g. The part of W^g 
involving the difference of the eigenvalues is estimated in the same way as before. Namely, using 
: 0{g^^) and that, by Proposition 16.31 \Xj^g — = 0{g^a), we obtain that 



that \\R^^ 



R 



= 0{<jg- 



(5.3) 



Now we estimate the remaining part Rg gW^gRg g of Rg gW^g Rg g. Using the relation e ^pj 



mje^i[Hg g, Xj] — gAg{xj) the term W^g can be written as 



W^^g ^ge"t[Hlg,x]-Ar{x)+I, 

<cr. 



where • A^x) E.I^g^,^:,] • ^^(^,0 and / := ^ [A^''{x) ■ A^ix) - A^' 

more, using that [H^g,x] ■ ^^"^(2;) = [H^g,x ■ ^^"^(2;)] — x ■ [H^ g, Af"^ (x)], we obtain 



^9:0 = 9[Hlg, X • (x)] +/ + //, 
where II := —gx ■ [H^ g, Af"^ (x)]. We can now rewrite the operator Rg gW^gRg g as 



(5.4) 
. Further- 

(5.5) 
(5.6) 



gx ■ A^''ix)Rlg - gRlgx ■ A"^^ {x) + R^gil + II)Rlg. 

Let / be a (vector-) function of k. To estimate the expression above we will use the following 
estimates 



a(/G^^)> < Ca"/2 sup |/| (i?f^)"/V 



A;|<o 



n= 1,2, 



< C ( 



^cr\l/2 



'R 



gfi 



<C52("-i), n = 0,1/2,1. 



(5.7) 

(5.8) 
(5.9) 
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The first two estimates are standard (see e.g. [HH]). To prove tlie last inequality one uses Eqns 
(|4.43p - (|4.46[) . In addition we need the following estimate for any (5 <C |Aj — S| 

(F/")"e'^<">^^^ee*<"> < Cg2("-i), n = 0,1/2,1, (5.10) 

where, recall, S = inf acssiHp), and (x) := '^Al + x'j]^^^. Eqn (|5.10p follows in the same way 



as (|5.9p . provided we prove that (|4.4p still holds if one replaces H^g and R^g respectively by 
g-'5(3:>^^o^g<5{x) e^^^^'' R^gC^^^^ To prove the latter property, we note that 



W, 



(5.11) 



(5.12) 



where W^^)" := e-^'^^) W^^g'^e'^'^^^ and similarly for B^^'^" , pI, P^j^e and P^ g. Using that Pg = 
Ppj.e ® Pn"^ + Ppj.e ® ^ and the fact that e~^^^'> Hp^ge^''^'^ has the same eigenvalues as Hp_g we write 



Pi 



e Hj + \j — z 



\pl.j,e^I)- 



(5.13) 



Using this decomposition we conclude, similarly to (|4.5p . that for a < d^sinjlm^l and z in 
D{Xj, a/2), we have the for some positive constants Ci, C2 



8.>G 



(5.14) 



Now, the first two terms in Eqn (15. 6p have only one resolvent each. Using estimates Eqns ()5.7p 
and (|5.8p . with n = 1 and / = 1, and Eqns (|5.9p - (|5.10p with n = 1/2, we obtain for these terms, 
times e~^^^\ with 6 > 0, the estimate 0{a^ + g^^a). The operator 

// = ige-'x ■ - xgAf'' {x))V [x] - ge'^'xY^^A^Afix) + x[Hf%Af{x)] (5.15) 

has better infrared behaviour than the original operator A^"^ {x) by an extra factor fc, llP' or w, which, 
due to JSJ]), with n = 1 and / = or fc, and ([5J | - (|5?T0ll . gives the estimate ||e"'^'<^^^g ^//.Rg e|| = 
0(f/~^tT2). Finally, the term / is quadratic in A'^" {x). Putting it to the normal form and using the 
estimates (|5.7p and (15. 9p leads to the estimate RgglRgg = 0{a). Collecting the above estimates 
and using that 0(ct^ + g^^a + g^^a^^'^) — 0{g^'^a^^'^), we arrive at 



e~'<^^RlgW^;R''g, 



^0{g-^a^'^). (5.16) 
Next, we pull e~''^^\ with (5 > sufficiently small, from and use the above estimate to obtain 

{■^.re^KoWtgRlg^^.e) = 0{g-^a^'^). 
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Therefore, the largest contribution to conies from the term (|5.3p that involves the difference 
of the eigenvalues. Taking into account the factor a obtained from the z integration yields that 

One can estimate the operators i?", n > 2, similarly. In particular, we claim that i?" = 
0{a^~ g^^) for n > 2. Consider for example the term B^. Since R^g — 0{g^^) and {\j.g — 
Xlg)Pf^e / = 0(gV), we have that 

WKoihs - >^f:)ip^j ® misi^.^s - ^fjKP^; ® mui = oi^'g-'). (5.1?) 

By pulling e^"^^^^ from "^j, we have using (|5.16p that 



Using (|5.6p . we have 

KeW^^R^eW^^R'^g^e ^gR^eW^^x • Af'^ {x)Rlo - gR^.W^J R^.x ■ A^ix) 



(5.18) 



/// 



V— 



+ K/fi^ffiKifi^P-lfi + PgM^^JPgM^IPg.t 



(5.19) 



It follows from (H^D and ([01) - ([gTUl) and from (H^SD that 



-S{x)jjj 



= 0{(j) and 



= 0(a + a3/V')- 



(5.20) 



Since the operator / is quadratic in Ag'^ , we obtain by putting it to the normal form and using 
again and ^^-^EIM 



V 



(5.21) 



Finally, as above the fact than // has better infrared behavior than A>'^ by the factor u leads to 



VI 



0{a'g-') 



By pulling e'-'^^^ from and using we find that 



0{a'g 



(5.22) 



(5.23) 



Together with a factor of <j obtained from the z integration, (|5.17p . (|5.18p and (|5.23p yield the 
estimate B'^ — 0{a^g^^). 

Instead of (|3.40p . Section 3, we have in the case of non-relativistic QED 

{^„e~''''^f{Hg)^,) = e-'*^-' + O(gV-i) + Oicr^g"'), t > 0. 

Optimizing and removing the / dependence as in the proof of Theorem 11.11 gives 



itH. 



3^' 



itX-i 
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6 Proof of Theorem 11.41 

Let Pn be the projection on the vacuum il in Tg- We prove Theorem 11.41 for the set V chosen 
explicitly as 

V {V- e v\ ||dr(cc>-i/2)(i _ p^)^|| < ^} 

for the Nelson model and as 

V ■= {^P e V\ ||e*<^>dr(w-i/2)(l - Pq)iI;\\ < oo for some S > 0} 

for the QED one. Since UgdT{uj-^/^) = e''^^dr{uj-'^^^)Ug, the set V is dense in V. 

We conduct the proof for the Nelson model only. To extend it to the QED one uses the method- 
ology of Section [5l As in Sections [2] - HI the symbol Hg g stands for the dilatation transformation, 
(fTTOll of the Nelson Hamiltonian Hg ^ . 

The RG analysis [HIS] shows that given S > 0, there exist 5* > and (p* G (0, ipo) s.t. for g < g* 
and lm6 G ((^*, ifo), the spectrum of the operator Hg^ in the half-plane {Rez < T, — 6} lies in the 
union of wedges 

5-^ X^ g + {zeC\ I arg(z) - Imfi^l < e}, 

where Xj,g = Xj + 0{g^), ImAj^g < and e < |Im6'| is a positive number 0. Moreover, the apices, 
Xj^g, of these wedges are the eigenvalues of Hg g. If, in addition, condition (C) holds for then 
ImXj^g < —const, g"^. 

We take z e W^'-''^^ with (pi = tt/2 — ipo and 1^92 > 37r/2 — ip^,. We want to estimate [Hg^ — 
z)^^il}). Using an infrared cut-off as in section [51 we decompose 

Hg,e^Hlg + wf^^,, (6.1) 

see (|2.14l) . The infrared cut-off Hamiltonian H^g has an eigenvalue at Xj^g. We use the second 
resolvent equation 

[Hg^g - z)-' = [Hlg - z)-' + [Hlg - z)-'wf^^{Hg,g - z)-\ (6.2) 

Let Rg ^{z) := {Hgg ~ z)^^ and let P^'^ be the projection onto the vacuum state of T^"^ and 
P=l- P. Then 

Pfg^Pn" Pfa^Pt 

Koi^) - 'I I + , +Kei^l (6-3) 

^^1,9 - z Xj^g + e "H^ - z 

where, as above, 

Rleiz) := (P^; ® I)Rlgiz). (6.4) 
By our condition on z we can pick 9 so that 

Re(e*(Aj-g - z)) > 0, (6.5) 

i.e. |Im6' + arg(Aj,g - z)\ < tt/2. Then 

^ mfr'^'pf.'-^r. (6.6) 



^The proof for the QED model without the confinement assumption is given in [?]• 
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(More generally, the l.h.s. is bounded by |Aj-g - z|-"||(ff^'")-(i-")/2p^''Vll^ for < a < 1.) 
Furthermore, an elementary analysis of the n— photon sectors shows that 



\\{Hfr'/'Pt^^\\<\\dnu;-'/')Pnr 
Hence, by the definition of V , we have that, for all ip ^ V , 



(6.7) 



(6.8) 



Next, to estimate R^^g{z), see Eq. (|6.4p . we use the representation (|4.44p . Applying to H^g a 



renormalization group analysis as in [U [SJ [T^ [T3] , one can show that the spectrum of H^g is of the 
form pictured in Figure [31 and that for \z — Xj g\ < cr/2 and lu > 



\\Rll{z-e-'^)\\<C{a + u;)-\ 



which, together with (|4.44p . implies, for \z — Xj g\ < a/2 and n = 0, 1/2, 1, the estimate 



HfrRlo{z)\\ < Ca^ 



for some constant C. 



0(g2) 



0(a) \ 



Im(e) 



J+1 



(6.9) 



(6.10) 



Figure 3: Spectrum of H^g near Xj 



Eqns dO]), jS^ and ((6AOI1 imply that, for i/- G P', 



|(^, {R^giz) - ^)^)| < C/a, 



■3.9 



Finally we estimate the last term on the r.h.s. Eq. (|6.2p . Recall that 



where 



Wf;:=Wg,g~Wf;^gcj^{G^:'g). 



'/ V, 



(6.11) 



(6.12) 



(6.13) 



Below, we let cr ^ 0, as \Xj^g — z\ — * 0. Hence we have to estimate Xj^g — X^'^ for any cr > 0. We 
claim that 

|A,,.-A|;;|=0 ((3^1/2+^)^). (6.14) 
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This estimate is proven in the proposition at the end of this section. 

Iterating the last term on the r.h.s. of Eq. (|6.2[) we see that the worst term is Rg g{z)W^g g{z). 

We use the decomposition (|6.3p . Since the operator W^g is in normal form, we see that the term 



coming from sandwiching it between the first term on the r.h.s. of (|6.3|) vanishes. Thus, it remains 
to consider the terms 

Ke (^) {hs - Al;) {Pf^^ ®l)Rle{z). (6.15) 



Pfa ® P<?° Pfo ® Pc. 

+ Rl9{z)] 



X ^„ [ — T + RIb{z)\ (6.16) 

and the term obtained by switching the right and left factors in (6.17). 

We note that, by the decomposition (|6.3p and the definition of i?^ ^(z), Eq. (|6.15p can be written 



as 



Using p.l4p we obtain the following estimate for (|6.15p : 

mB^O ((ga^/^+HA,,, - zr'f) . (6.18) 

To estimate (|6.16p . we first observe that, due to (|6.5p . we have that, for n = 0, 1/2, 1 

IK^f )"(A,,, + e-<'Hf z)-'\\ < C|A,,, - zr\ (6.19) 

Assume a > \z-XjJ. Using estimates (H^)), ((gTU)) and ((09)1 (or the fact that -Pjf '^«*(G'S) = 

and standard estimates on the creation and annihilation operators, and remembering the condition 
that Ke{e^{Xj^g — z)) > 0, we obtain the bound 

This together with (|6.18p yields 

l!K.(^)^,S^i?.%(^)ll < C^^(^ + + ^^). (6.21) 

Since, as we mentioned, the higher order iterates of (|6.2p are estimated similarly and lead to 
improved estimates, we conclude, assuming cr > \z ~ Aj_g|, that 

where Rg,e{z) := {Hg^ - z)^^ 
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It follows from ([g?^ . ([OT|) and ((O^ that, for g small enough, 

|(^, ((i/,,, - - ® i'.f ^)V^)I < C(i + g + ^), (6.23) 

j -9 (J I ' I 

where r :~ \z — ^j,g\ and a := 1/2 + /i, for some constant C, provided cr > \z — ^j,g\- We now pick 
a = g^^^l'^+i^) ^ ^ where (3 := (1 + By our assumption, (3 < 1 and therefore cr > r. Then, 

for this choice of cr. 

Let :=Ue4'- The last estimate, together with the relation 

(V', - = (^e, - z)-^^e), (6.24) 

implies (i) and (ii) in Theorem II. 4| with /3=(l + |/i)~^. □ 

Remark 6.1 The expression for [3 can he improved if one uses (j6.7p to conclude that, forn = 0, 1/2, 

imfnX.^g + e-'Hf - z)-V|| < C|A,-3 - z|"-i/2||dr(c.-i/2)PaV'll, (6.25) 
which is better than (|6.19p . T/iis estimate leads to the inequality 

\{i^,RU.-)W^;K.oi^m < C^^g^^+n , /2 + T^)' (6-26) 

which has a better r.h.s than (|6.20p . 

Remark 6.2 To define resonances for the QED model it is technically more convenient to use a 
family of unitary transformations different from the dilatation one (see J^)- 



Proposition 6.3 Under the conditions of Theorem \1.4[ we have for any cr > 

X,,g-Xf: = Oig'a'+n- (6.27) 

Proof. To prove (|6.14p we use the RG approach. Here we only point out particularities of the 
present problem and outline the general strategy; technical details can be found in [H O [T^ [TJ] (see 
also [7] for the QED case). Since we do not go into details, we use the Feshbach-Schur map, rather 
than the smooth Feshbach-Schur map, to underpin our construction. The former ([4l[5]) is simpler 
to formulate but the latter ( [lU [131 [M] ) is easier to handle technically. Our strategy follows (^14 ). 

First we apply the Feshbach-Schur map J-Pp^ associated to the projection Pp := P^g (g) xf'^j 
where xf"^ XH^''<p- ^'-^^ ^ ^ P^i'^fgT^/'^) ^^'^ Po = the operator Hg^g — z is in the domain of 
J'Pp^ ■ Indeed, an easy estimate shows that the operator PpaHg gPpo is invertible on RanPp^ and 
mf' + ajPp, [Pp,Hl,Pp,-zY'pj\ < C. Since + ar^/^W^JlRf^ + a]-'/^\\ < Cga^, 

we see by Neumann series expansion that the operator PpgHg gPpg — z is invertible on RanPp„ and 

\\Ppo \P PQp^g-sP Pa ^ ^\ ^ PpoW — C/cr. Hence the operator Hg^g — z is in the domain of J^Pp^, as 
claimed. Next, we note that 

^pjHg,g~z)^P^J^H,, 
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where the operator Hz acts on Ranx^J^ C J-f'^ and is given by 



Hz 



Xpa \Vg,e 



(6.28) 



where U := -Wf^Pp, [Pp„Hg^ePp„ - z\ 



By the isospectrahty of the Feshbach-Schur map (see [H [31 O [T^l E]), we have that z G 
D{X^g ,a/2) is an eigenvalue of Hg^e iff is an eigenvalue of H^. To investigate the spectral 
properties of H^ , we make use of the renormalization group method. 

As a first step, we rewrite the operator H^ in a generalized normal form. To this end we 



expand the resolvent on the r.h.s. in a Neumann series in W^g and normal order the creation and 

annihilation operators not entering the expression for H^'^ . This brings the operator Hz to the 
form (see H HI [T4j ) 

H. := xf:iEz +Tz + Wz)xf:, (6-29) 

where Ez is a number (more precisely, a complex function of z and other parameters), Tz is a 
differentiable function of H^"^ and Wz is an operator in the generalized normal form that is a sum 
of terms with at least one creation or annihilation operator. A standard computation gives that 



A 



z + AEz, with 



AEz := 



P^gfiG%{k)^'^^,)dk + h.0.t., 



Tz := Hf- - j (^^S;^, G%{k)f{Hf^ + u,)G%{k)^'^;'g)dk + h.o.t., 
■■= i^ll {W^; -J J Gf2kK{k)f{Hf- + u;')a{k')Gf2k')dkdk')i,l-g) + h.o.L, 
Ppa (Hf^e + e-'Hf^)Pp„ - z] Pp, . Clearly, 
AEz = O {{g'j'^^+n') and xf:Wzxf: = O {ga^+>^) . (6.30) 



where /{Hf") Pp^ 



Let a^{k) stand for either a{k) or a*(fc). A; G M'^. We define the scaling transformation Sp : 



Sp{I) := /, Spia*{k)) := p-'^^^ a*{p-'k), 



(6.31) 



and the dilatation transform, by Ap{A) p^^A. Now we rescale the operator Hz as := 
Aa-{Sa-{Hz))- The new operator acts on Ranxf ^ C ^f^- The last estimate in (|6.30p and an estimate 
on the derivative of Tz as a function of H^'^ , which we do not display here, show that the operator 

is in the domain of the Feshbach-Schur map T ^t,, provided 1/2 > p^ gcr^^ and p ^ \Ez\/cr 

Xp 

(the latter inequality is also considered as a restriction on z). 

If we neglect the term Wz in Tji"-* (see (16.291) ') then the remaining operator has the vacuum 
D, as an eigenvector corresponding to the eigenvalue 0, provided z solves the equation Ez 



(f2, i/i^"*!]) = Ez/cr — 0. One can show ([11]) that this equation has a unique solution A^^ 



(0) 

(1) 
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AJ'J + O ((g(T^/^+^)^) . By the isospectrality mentioned above, this is our first approximation to 

Now we introduce the decimation map Fp :— ^^i,"- On the domain of the decimation map Fp 
we define the renormahzation map TZp as H 

■Rp-.^ApoSpoFp. (6.32) 

By the above, the operator H^^ is in the domain of the decimation map Fp and therefore in the 
domain the renormalization map TZp, provided 1/2 > p ^ ga^ and p 3> \Ez\/(J. Iterating this map 
as in [13] we obtain a sequence of operators n = 0, 1, 2, (Hamiltonians on scales 0, 1, ...) 

acting on the space gain, one argues that is an approximate eigenvalue of the 

operators Hz^\ provided z satisfies the equations -EI""* :— (il, Hi^^^Q) — 0. Namely, one proves that 
the equations (fi, Fli^'^Q.) = in z have have unique solutions A^'^ satisfying 

and I'^j'g I ^ const p" (see [13], Proposition V. 3). Consequently, A^'^'' converge, A^'^'' Aj,g, 

as n ^ oo. By the isospectrality of TZp we conclude that the operator H^"^ has a simple eigenvalue 
0, provided z — Xj^g (see [13], Theorem V.2). Hence, by the isospectrality of the Feshbach-Schur 
map, the operator Hg g has a unique eigenvalue Xj^g in the disc D{X^g ,a/2) and this eigenvalue 
satisfies (|6.14p . Since on the other hand Xf g = Xj + 0{g'^) is the unique eigenvalue of the operator 
bifurcating from the eigenvalue Xj of Hq , we conclude that Xj^g is the unique eigenvalue of the 
operator Hg g emerging from the eigenvalue Aj of Hq. □ 
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